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Abstract

The Gaussian Mixture Model with Extended Ultrametric Covariance Structure (GMMEUCovS, Cav-

icchia et al., 2022) can detect clusters of trading days in conditional volatility data of commodities.

The introduced parsimonious parameterization of GMM is used to investigate the temporal clustering

of financial time series data for the first time in literature. Daily price data from September 18, 2000,

through July 31, 2020, is used to estimate conditional volatility of the log-returns for 23 commodities.

The GMMEUCovS shows that it is able to detect unstable market periods, such as the crisis of 2008 and

the covid-19 pandemic. It identifies broader concepts, which result in larger clusters relative to k-means

clustering (Chen et al., 2021). Besides, the method pinpoints hierarchical covariance structures within

the determined clusters. This paper is insightful for financial agents interested in commodity market

behaviour.
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1 Introduction

The commodity markets represent a large amount of the total trade in goods. Gold alone already has

a market cap of 11.6 trillion, according to CompaniesMarketCap.com (2022). Commodities are being

used as hedging instruments for longer periods (Rehman et al., 2019). Furthermore, commodities are

essential for development and growth. In the last years, financialization increased wildly in commodity

markets (Tang and Xiong, 2012), which resulted in more comovement in the whole asset market (Ohashi

and Okimoto, 2016). Comovement weakens the hedging benefits of commodities for other assets, for

example, stocks or currencies. This shows the importance of investigating the behaviour of the commodity

markets. In terms of hedging, the risk of commodities is an important part to investigate. Risk clustering,

in terms of volatility, can be of great added value for financial agents. Clustering methods can determine

clusters of periods with common market regimes.

Clustering is a form of unsupervised machine learning. There are several clustering techniques

proposed in the literature. K-means clustering (MacQueen, 1967) is one of the most simple and popular

clustering techniques. However, Gaussian Mixture Model (GMM) clustering is a substantial more

theoretical and mathematical elegant technique.

Gaussian mixture models (Duda et al., 1973) are well-acknowledged models for modelling hetero-

geneous populations. The models assume that a heterogeneous population consists of a finite set of

G homogeneous subpopulations that follow the Gaussian distribution. The GMM density assumes the

following form

𝑓 (x | 𝚿) =
𝐺∑︁
𝑔=1

𝜋𝑔𝜙

(
x | 𝝁𝑔,𝚺𝑔

)
(1)

where each group of the mixture has the multivariate Gaussian density expressed by 𝜙

(
x | 𝝁𝑔,𝚺𝑔

)
with a mean vector 𝝁𝑔 consisting of p dimensions and a covariance matrix 𝚺𝑔. The quantities

𝜋1, ...𝜋𝐺 are the mixing proportions (prior probabilities) such that 𝜋𝑔 >= 0 and
∑𝐺

𝑔=1 𝜋𝑔 = 1 and

𝚿 = {𝜋1, ..., 𝜋𝐺 , 𝝁1, ..., 𝝁𝐺 ,𝚺1, ...,𝚺𝐺} is the overall parameter vector, as stated by Cavicchia et al.

(2022).

Even though GMM is a mathematically elegant method for solving clustering problems, it has

one considerable disadvantage relative to other clustering techniques, such as hierarchical and k-means

clustering. The vast number of parameters that need to be estimated results in computationally demanding

problems when using sizable or high-dimensional datasets.

The number of parameters to be calculated can be reduced to tackle the computational demanding

problem. The number of parameters that need to be determined can be split into three parts. The mixing

proportions 𝐺 − 1, the cluster means 𝐺𝑝 and the covariance matrix of the clusters 𝐺𝑝(𝑝 + 1)/2, with

a total amount of 𝐺 − 1 + 𝐺𝑝 + 𝐺𝑝(𝑝 + 1)/2 parameters. The calculation of the covariance matrix,
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existing of 𝐺𝑝(𝑝 + 1)/2 parameters, is the most computational demanding part. To reduce this number

of parameters, several parsimonious parameterizations of the covariance matrix are introduced in the

literature.

Cavicchia et al. (2022) introduced a new GMM method with parameterization of the covariance

matrix by assuming an extended ultrametric covariance matrix (GMMEUCovS) for each cluster. The

advantage of this method relative to the factor analyzers (FA) methods is that the introduced method is

more convenient when latent concepts are hierarchical linked. Cavicchia et al. (2022) use the same model

as the constructed simultaneous model and its LS estimation of Cavicchia et al. (2020) to reconstruct

a generic covariance matrix via an extended ultrametric covariance matrix associated with a hierarchy

of concepts. The method proposed by Cavicchia et al. (2022) is an extended version of the method of

Cavicchia et al. (2020), which only introduced the ultrametric correlation matrix that is usable for a

non-negative correlation matrix.

This parsimonious parameterization introduced by Cavicchia et al. (2022) has not been used for time

series data in earlier literature. The first valuable element of this study is the expanded usability of

GMMEUCovS, namely the application of time-series data. The differences between the interpretation of

time series data and the usual data used for this method, are the observations and the variables. Cavicchia

et al. (2022) used different aspects of one country or one coffee bean as variables at one point in time,

where the country and the coffee bean are observed in the same time period. When investigating time

series, the different aspects, conditional volatility of the 23 commodities of the observed time periods

will be used as variables and the time periods themselves as observations. The observed time periods

will be clustered together based on the variables in that specific time period, the forecasted volatilities of

the 23 commodities, and represent the commodity market regime.

Besides the fact that the usability of this method is extended to financial time series data, this

clustering method is able to create valuable insights into different market regimes. The model clusters

the time observations in different periods of common market regimes based on volatility. In addition to

the clustering of periods, the method reveals the hierarchical covariance structures within the clustered

market regimes.

For this commodity market study, daily prices of 23 commodities from September 18, 2000, to

July 31, 2020, are used (5184 observations). The daily prices are converted into log-returns (5183

observations). Because volatility of assets can not be observed directly, a specific model is used to

estimate this volatility. Conditional volatility forecasts for all 23 different commodities are estimated with

the GJR-GARCH(1,1,1) model from the log-returns. The data is equivalent to the dataset used by Chen

et al. (2021) and is extracted from Thomson Reuters DataStream.

The focus of this paper is investigating the meaningfulness of the application of the method proposed
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by Cavicchia et al. (2022). What is the interpretation of the obtained clusters? Do the formed clusters have

a meaningful interpretation? How are the parsimonious GMM results related to the k-means clustering

results from literature (Chen et al., 2021). Furthermore, what are the differences between this method

and the k-means application? Finally, how do we interpret the obtained groups and hierarchical structures

of the variables?

The GMMEUCovS method successfully identifies different market regimes in terms of low and high

volatility. Compared to the k-means method used by Chen et al. (2021), it captures the broader concepts

more clear. Within the formed clusters, it can pinpoint the covariance hierarchy structures. High volatile

times have comparable structures concerning the amount of discordant and concordant groups. Some

commodities are always in the same variable group regardless of the cluster.

The paper is structured as follows. Section 2 summarizes the insights into the commodity markets

and unsupervised machine learning applications obtained from the literature. Section 3 introduces the

used data. Next, Section 4 covers the used methods. Section 5 describes the obtained results. Finally,

section 6 concludes and discusses the findings.

2 Literature review

This section provides a brief summary of findings from published literature. It explains the studied

behaviour of commodity markets, and it gives a short overview of unsupervised machine learning

applications on finance data.

2.1 Commodity markets

Commodities are essential for development and growth worldwide. Besides the simple use, commodities

are being traded in commodity markets. Commodities are used as hedging instruments for longer periods

(Rehman et al., 2019). From 2000 the financialization of the commodity markets increased wildly, which

resulted in more comovement in the asset markets. This financialization caused changing reactions to

market shocks relative to earlier stages of the market (Ohashi and Okimoto, 2016).

It is important to understand the changes in the commodity markets for investors that often use

hedging techniques with commodities involved. However, following Fakhfekh and Hachicha (2021), gold

is still one of the best hedging instruments. The correlation of gold with the stock markets is negative and

diminishes when the stock prices decline. For risk purposes, this is important evidence for the safe-haven

factor of gold (Creti et al., 2013).

The effects of oil price shocks on agricultural commodities (corn, soybeans, wheat, sugar and coffee)

differ from the effects on metals (gold, silver and copper) (Ahmadi et al., 2016). Besides the difference

in effect on the commodity groups, they show differences in effect among periods.
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For example, Adams and Glück (2015) show that crude oil and copper show significant responses

to changes in stock market risk, while aluminum and wheat do not show significant responses. To

continue, they show the temporal differences in volatility spillover in the commodity markets. Before the

bankruptcy of Lehman-Brothers in September 2008, there were, for both low and high volatility regimes,

almost no significant risk spillovers. After this event, the start of the financial crisis of 2008, the volatility

spillovers increased and became significant for both low and high volatility regimes.

Next, the connectedness of the commodities’ directional volatilities increased substantial during the

global crisis due to the spread of the coronavirus (Umar et al., 2021). To be more specific, in the

directional volatilities connectedness, tin, gold, nickel, lead, and aluminum markets function as net

transmitters during specific returns and volatility periods. Contrarily, several industrial and precious

metal markets, such as copper, zinc and platinum, function as a net receivers.

The above-described aspects of behaviour of commodity markets are broad and mixed. The aspects

imply that there exist different periods of commodity market regimes through time, and within these

regimes, there can be hierarchical covariance structures discovered in the variables that are valuable to

investigate.

2.2 Unsupervised machine learning for finance

Several applications of unsupervised machine learning on economic or financial topics are studied. The

subjects vary from natural language processing to unsupervised machine learning on quantitative financial

data.

Different economic policy uncertainty indexes are introduced using unsupervised machine learning

on news articles called natural language processing (Azqueta-Gavaldón, 2017, Azqueta-Gavaldon et al.,

2020). In other studies, socio-economic factors are used in combination with unsupervised machine

learning to analyze the influence of the factors on the choice of the water source (Tiyasha et al., 2021)

In addition to the economic applications, unsupervised machine learning is a technique that can also

analyze patterns in financial data. Shokry et al. (2020) have already proved that these techniques can

recognize hidden money laundering networks. Moreover, the application for tax fraud detection is shown

by De Roux et al. (2018). Furthermore, time series clustering is included in the research of Chen et al.

(2021) with the k-means clustering method.

However, in addition to Chen et al. (2021), scarcely anything is published about unsupervised machine

learning techniques applied to financial time series data. They are one of the pioneers on this subject.

Their analysis of k-means clustering directly inspired this work. The unexplored subject of financial time

series data is expanded by this research by applying GMMEUCovS (Cavicchia et al., 2022) to a financial

time series. Besides the capability of clustering, the method is also capable of detecting hierarchical
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structures within the clusters, another topic that is scarcely investigated in the literature.

3 Data

This research uses the dataset that Chen et al. (2021) used in order to compare the obtained results

from GMMEUCovS with the already published results of the k-means clustering method. The dataset

contains a wide variety of commodities from the group of precious metals, base metals, energy and

agricultural-based commodities. The data contains daily prices from September 18, 2000, to July 31,

2020, for the 23 commodities shown in table 1. This forms 5185 observations of daily returns for each of

the 23 commodities. There are no missing values. However, one interesting negative value on April 20,

2020, for WTI is -37.63. For all commodities, the observations from this date are deleted, because the

negative value causes undefined outcomes when calculating the log-return. This results in a dataset of 23

commodities with 5184 observations. For this research, the daily prices are transformed into log-returns,

which results in a series of 5183 volatilities on trading days from September 19, 2000, until July 31,

2020, for the 23 commodities of interest. This data is obtained by Chen et al. (2021) from the Thomson

Reuters DataStream.

Table 1: In dataset included commodities sorted by commodity group

group name name

precious metals gold, silver, platinum, palladium

base metals copper, zinc, tin, lead, nickel, aluminum

energy brent, West Texas Intermediate crude (WTI), Gasoil, Gasoline

agricultural soya oil, palm oil, wheat, corn, soybeans, coffee, cocoa, cotton, lumber

4 Methodology

This section elaborates on the methods used and the outcomes’ evaluations.

This research investigates the temporal relationships in the financial time series of commodities with

unsupervised machine learning techniques. The parsimonious GMM method GMMEUCovS (Cavicchia

et al., 2022) is used to create insights into the financial time series with a less computational demanding

process relative to the classic GMM method. Besides, this specific GMM method can reveal hierarchical

covariance structures within the clusters, which can be insightful.

Unsupervised machine learning techniques are highly suitable in case of handling quantitative numeric

data. Hence, applying these techniques to numeric financial data should be appropriate. The two methods
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of interest in this study, namely GMM and k-means clustering, belong both to the class of unsupervised

machine learning techniques.

First, the data is converted into estimated conditional volatility with a variant of the GARCH model.

The trading dates are clustered based on the volatility forecasts with the GMMEUCovS model. The

clusters are evaluated when the best fit model is found.

4.1 K-means clustering

K-means clustering is a simple and popular clustering method in which observations are allocated to

the nearest mean (cluster center). It is a popular method because of the simplicity of its use. However,

this technique has its disadvantages. For example, it is highly sensitive to outliers, the outcome depends

heavily on the starting conditions(Likas et al., 2003), and different size and density clusters are not handled

(Arora et al., 2016). Hence, we are investigating more mathematically elegant clustering methods like

GMM clustering.

4.2 Gaussian Mixture Model clustering

The application of Gaussian mixture model clustering is often used for a wide variety of topics. For

example, the GMM clustering methods are used for bike-sharing clustering and classification by Jia

et al. (2019), and customer segmentation by Jang et al. (2021), to image clustering and classification by

Permuter et al. (2006).

Since the GMM estimations are computational demanding, several parsimonious regressions in

literature are proposed. The so-called Gaussian Parsimonious Clustering Models (GPCMs) impose

geometric features on the cluster covariance structure or constrain covariance components across clusters

to be equal or unequal (Celeux and Govaert, 1995). There is a substantial amount of Parsimonious GMMs

(PGMMs) proposed in the literature. Several are based on eigen-decompositions of the covariance matrix.

Besides, there are PGMMs that use Factor Analysis (FA) (McLachlan et al., 2003) or probabilistic

principal component analyzers (Tipping and Bishop, 1999)to create PGMMs. For high-dimensional

datasets, Bouveyron et al. (2007) proposed a model for High Dimensional Data Clustering (HDDC),

where GMM is based on eigen-decomposition. This model specifically reduces the number of distinct

eigenvalues, which results in less computational demanding GMM solutions.

In addition to these PGMMs, Cavicchia et al. (2022) introduced a new method that also detects the

relationships among variables called the Gaussian Mixture Model with Extended Ultrametric Covariance

Structure (GMMEUMCovS).
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4.3 GMMEUMCovS

This GMMEUMCovS is a parameterization of the covariance matrix by using an extended ultrametric

covariance matrix (EUCM) for each cluster. This EUCM is an extension of the UCM that was proposed

by Cavicchia et al. (2020) in order to include generic covariance structures next to non-negative structures.

This method detects hierarchical covariance structures in the clusters. Because of the grouped variables,

less parameters must be estimated, which leads to less computational demanding processes that also show

hierarchical covariance structures of the variables. How the algorithm is established is briefly explained

in the following four subsections.

4.3.1 Notation

With the aim of comfortable reading, the used notation in this paper is adopted from Cavicchia et al.

(2022) and defined as follows:

𝑛, 𝑝, 𝐺, 𝑄 Number of observations, variables, clusters, and groups of variables,

respectively.

Σ =
[
𝜎𝑗𝑙

]
Covariance matrix of order 𝑝.

V =
[
𝜎𝑗𝑙

]
(𝑝 ×𝑄) membership matrix, where 𝑣 𝑗𝑞 = 1 if the 𝑗 th variable belongs

to the 𝑞 th group; 𝑣 𝑗𝑞 = 0 otherwise. It is binary and row-stochastic,

i.e., with one non-zero element per row, identifying a partition of

variables in 𝑄 groups.

𝚺V =
[
𝑉𝜎𝑞𝑞

]
Diagonal matrix of order 𝑄 with diagonal entries representing

variances of the groups of variables.

𝚺W =
[
𝑊𝜎𝑞𝑞

]
Diagonal matrix of order 𝑄 with diagonal entries representing

covariances within groups of variables.

𝚺B =
[
𝐵𝜎𝑞ℎ

]
Matrix of order 𝑄 with off-diagonal entries representing covariances

between groups of variables, and diagonal ones equal to zero.

Cavicchia et al. (2022) extended Cavicchia et al. (2020) from the use of a non-negative ultrametric

correlation matrix to a generic covariance matrix. The non-negativity constraint is relaxed in this case.

Let us summon the properties of a covariance matrix:

(i) symmetry: Σ = Σ′

(ii) non-negativity of the diagonal: 𝜎𝑗 𝑗 ≥ 0 for all 𝑗 = 1, ..., 𝑝

(iii) positive semi-definiteness: 𝒙′𝚺𝒙 ≥ 𝒙 ∈ R𝑝
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A matrix that only satisfies the following properties does not directly meet the conditions of an (extended)

ultrametric covariance matrix. Cavicchia et al. (2022) added the following restrictions to satisfy the

Extended Ultrametric Covariance Matrix (EUCM) restrictions:

(iv) ultrametric inequality: 𝜎𝑗𝑙 ≥ min {𝜎𝑗ℎ, 𝜎𝑙ℎ} ,for all 𝑗 , 𝑙, ℎ = 1, ..., 𝑝

(v) diagonal dominance: 𝜎𝑗 𝑗 ≥
∑𝑝

𝑙=1
𝑙≠ 𝑗

��𝜎𝑗𝑙

�� for 𝑗 = 1, . . . , 𝑝

When properties (i), (ii), (iv), and (v) hold, the matrix satisfies all the conditions to be named a Weak

Extended Ultrametric Covariance Matrix. When properties (ii) and (v) are strictly satisfied, the matrix

meets the Strict Extended Ultrametric Covariance Matrix conditions.

4.3.2 Extended ultrametric covariance structure

The parameterization of the extended ultrametric covariance matrix of Cavicchia et al. (2022) is defined

as follows:

𝚺u = V (𝚺W + 𝚺B) V′ − diag (V𝚺WV′) + diag (V𝚺VV′) (2)

subject to constraints

V =
[
𝑣 𝑗𝑞 ∈ {0, 1} : 𝑗 = 1, . . . , 𝑝, 𝑞 = 1, . . . , 𝑄

]
; (3)

V1𝑄 = 1𝑝 i.e.
𝑄∑︁
𝑞=1

𝑣 𝑗𝑞 = 1 𝑗 = 1, . . . , 𝑝; (4)

𝚺B = 𝚺′
B, diag (𝚺B) = 0, 𝐵𝜎𝑞ℎ ≥ min

{
𝐵𝜎𝑞𝑠, 𝐵𝜎ℎ𝑠

}
𝑞, ℎ, 𝑠 = 1, . . . , 𝑄, 𝑠 ≠ ℎ ≠ 𝑞; (5)

min
{
𝑊𝜎𝑞𝑞 : 𝑞 = 1, . . . , 𝑄

}
≥ max

{
𝐵𝜎𝑞ℎ : 𝑞, ℎ = 1, . . . , 𝑄, ℎ ≠ 𝑞

}
; (6)

𝑉𝜎𝑞𝑞 > |𝑊 𝜎𝑞𝑞

�����
(

𝑝∑︁
𝑙=1

𝑣𝑙𝑞 − 1

)
+

𝑄∑︁
ℎ=1

�����
𝐵

𝜎𝑞ℎ |
𝑝∑︁
𝑙=1

𝑣𝑙ℎ𝑞 = 1, . . . , 𝑄, (7)

𝚺u = 𝚺u + 𝑎I𝑝,with 𝑎 > 0, and such that 𝚺u is positive definite, (8)

where diag(𝑿) is a matrix with only the diagonal entries of matrix 𝑿 and zeros for the off-diagonal

entries. 1𝑘 is a unitary vector of order 𝑘 . 𝑰𝑘 is an identity matrix of order 𝑘 . Besides, the factor 𝑎 is

equal to the absolute value of the smallest eigenvalue of 𝚺𝑢 plus an arbitrarily small constant to prevent

computational singularity. When all the components of equation 2 satisfy constraints (3)-(8), 𝚺𝑢 belongs

to the Extended Ultrametric Covariance Matrices family.

4.3.3 GMMEUCovS algorithm

Cavicchia et al. (2022) found an approach to connect the Extended Ultrametric Covariance Structure

with the Gaussian Mixture Model. They created an algorithm that estimates the GMM method and the
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EUCovS simultaneous. This algorithm clusters the observations with a parsimonious parameterization

while detecting the hierarchical covariance structures of the derived clusters.

Let 𝒙 = (𝒙1, 𝒙2, ..., 𝒙𝑛) be a random sample of 𝑝-dimensional random vectors, in our case the 23

volatility estimates of the commodities for the 5183 observations, which are drawn from a population of

𝐺 subpopulations. Each density of 𝒙𝑖 , conditional on the membership of the population, is drawn from a

multivariate Gaussian with mean vector 𝝁𝑔 and covariance matrix 𝚺𝑢𝑔 .

The algorithm to estimate the GMMEUCovS introduced by Cavicchia et al. (2022) consists of

initialization and four repeating steps.

Initial step: Initialize the values for ̂𝑾 = [𝑤̂𝑖𝑔] and ̂𝑽 = [̂𝑽𝑔]. With these initial matrices and the obser-

vations, the values for 𝝅̂ =
[
𝜋̂𝑔

]
, 𝝁̂ =

[
𝝁̂𝑔

]
,𝚺V =

[
𝚺V𝑔

]
,𝚺W =

[
𝚺W𝑔

]
,𝚺B =

[
𝚺B𝑔

]
are determined.

They are computed in the order of the text above with the formulas that are included in Cavicchia et al.

(2022). The constraints are applied in the following order: constraints 5, 6, 7. When the 𝚺𝑢𝑔 is com-

puted, restriction 2 is used. Finally, ̂𝑾 = [𝑤̂𝑖𝑔] is computed according to the formulas of Cavicchia et al.

(2022). ̂𝑾 = [𝑤̂𝑖𝑔] and ̂𝑽 = [̂𝑽𝑔] can be initialized randomly. However, to decrease computing time,

a k-means clustering approach for initializing ̂𝑾 is preferred. For the initialization of ̂𝑽, an Ultrametric

Covariance Matrix algorithm for the weighted covariance matrix 𝑺𝑔 to find the partition of variables in
̂𝑽𝑔 for 𝑔 = 1, ..., 𝐺 can improve the computation time of the whole algorithm.

After the initialization, there are four steps that need to be repeated.

Step 1: for every 𝑔 = 1, ..., 𝐺, 𝜋̂𝑔 is updated given 𝑤̂𝑖𝑔, 𝑖 = 1, ..., 𝑛.

Step 2: for every 𝑔 = 1, ..., 𝐺, 𝝁̂𝑔 is updated given 𝑤̂𝑖𝑔, 𝑖 = 1, ..., 𝑛.

Step 3: 𝚺
(𝑡)
V𝑔

,𝚺
(𝑡)
W𝑔

,𝚺
(𝑡)
B𝑔

and constraints 5, 6, 7 are executed in the same order as the initialization. 𝚺
(𝑡)
𝑢𝑔

is

computed with the rest of the Sigma’s with respect to constraint 8. Furthermore, 𝑽
(𝑡)
𝑔 is determined with

𝚺
(𝑡)
Vℎ

,𝚺
(𝑡)
Wℎ

,𝚺
(𝑡)
Bℎ

for h < g, and 𝚺
(𝑡−1)
V𝑔

,𝚺
(𝑡−1)
W𝑔

,𝚺
(𝑡−1)
B𝑔

, for ℎ > 𝑔, 𝑔, ℎ = 1, ..., 𝐺, ℎ ≠ 𝑔;

Step 4: for every 𝑔 = 1, . . . , 𝐺 and 𝑖 = 1, ..., 𝑛 𝑤̂𝑖𝑔 is updated given
{
𝜋̂
(𝑡)
𝑔 , 𝝁̂ (𝑡)

𝑔 ,̂𝚺
(𝑡)
V𝑔

,̂𝚺
(𝑡)
W𝑔

,̂𝚺
(𝑡)
B𝑔
,V(𝑡)

𝑔

}
Stopping rule: Compute ℓH

(
𝑾̂

(𝑡+1)
, 𝚿̂

(𝑡) )
and repeat Step 1-4 if

ℓH

(
𝑾̂

(𝑡+1)
, 𝚿̂

(𝑡) ) − ℓH

(
𝑾̂

(𝑡)
, 𝚿̂

(𝑡−1) )���ℓH

(
𝑾̂

(𝑡)
, 𝚿̂

(𝑡−1) )��� > 𝜖, (9)

where 𝜖 is an arbitrary small positive constant, and t < T, the maximum number of iterations.

All the necessary formulas and exact initializations are elaborated by Cavicchia et al. (2022).

4.3.4 Model selection

For the choice of 𝐺 and 𝑄, there are several selection criteria available such as the Bayesian Information

Criterion (BIC, Schwarz, 1978), the Akaike information criterion (AIC, Akaike, 1973), and the Integrated
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Completed Likelihood (ICL, Biernacki et al., 2000). The BIC and ICL perform comparable for composing

the number of mixture components and groups of variables (Scrucca et al., 2016). Steele and Raftery

(2010) show that the BIC criterion outperforms other criteria like AIC for Gaussian Mixture Models.

Because of these findings and the fact that Cavicchia et al. (2022) use the BIC, the preferred model is the

model that maximizes the BIC value for specified 𝐺 and 𝑄 values. For comparablility with Chen et al.

(2021), 𝐺 is forced to the same value as 𝑘 for k-means, namely 𝐺 = 𝑘 = 9. The BIC, for a model with

parameter vector 𝜽 , is given by

BIC = 2ℓ(𝜽) − 𝑣 log 𝑛, (10)

where ℓ(𝜽) is the maximized log-likelihood, 𝜽 is the maximum likelihood estimate of 𝜽 and 𝑣 is the

number of free parameters in the Gaussian Mixture Model.

4.4 GJR-GARCH modelling

Volatilities cannot be observed directly, resulting in an estimation of the conditional volatilities. When

investigating the volatility of the 23 commodities, different GARCH models can be used. Nugroho

et al. (2019) show that the GJR-GARCH (equivalent to TGARCH) model outperforms alternative au-

toregression models such as GARCH, log-GARCH and GARCH-M on empirical data. Hence, the

GJR-GARCH(1,1,1) process (GLOSTEN et al. (1993)) using the Student’s t distribution is chosen to

improve the comparability with Chen et al. (2021). The model for each commodity is defined as

𝜀𝑡 = 𝑅𝑡 (11)

𝜎2
𝑡 = 𝜔 + 𝜆1𝜀

2
𝑡−1 + 𝛾1𝜀

2
𝑡−1𝐼 [𝜀𝑡−1<0] + 𝛽1𝜎

2
𝑡−1, (12)

where 𝑅𝑡 represents the log-return, 𝜔 represents the long-run average of the volatility per commodity, 𝜆1

represents the effect of a positive shock, 𝜆1+𝛾1 represent the shock of a negative return, and 𝛽1 represents

the autoregressive component of the volatility.

4.5 Performance evaluation

The individual clusters are evaluated, in the essence that periods of high volatility, like the covid-19

period and the financial crisis in 2008, will be highly distinguished from the other periods. In addition

to this evaluation, the clusters are compared to the clustering results of Chen et al. (2021) in terms of

comparable time clusters and identifying abnormal periods.

5 Results

This section reflects the results obtained with the GMMEUCovS method applied on conditional volatilities

of commodities. A short preliminary analysis is done. After that, the used GJR-GARCH(1,1,1) models
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are discussed. Finally, the results of temporal clustering of trading days are explained and compared with

Chen et al. (2021).

5.1 Preliminary analysis

Figure 1 visualizes the median and the standard deviation of the conditional volatility of the commodities.

Figure 1a shows a low median for the metals aluminum, gold, copper, and platinum and agricultural-based

commodities such as soya oil and soybeans. Brent, gasoline, lumber, nickel, wheat, and WTI show a

high median. Regarding the standard deviation of the conditional volatility, energy-based commodities

such as brent, gasoil, gasoline, and WTI have relatively higher standard deviations as shown in figure 1b.

Precious metals, such as gold and platinum, show low standard deviation. Besides, cocoa, coffee, corn,

cotton, lumber, soybeans and zinc show low standard deviation. The commodities with low standard

deviation have a relatively stable conditional volatility over time.

(a) Median (b) Standard deviation

Figure 1: Median and standard deviation or the conditional volatility forecasts

5.2 GJR-GARCH(1,1,1) results

All the GJR-GARCH(1,1,1) models are fitted and used to estimate the conditional volatility. Nickel has

the highest amount of kurtosis of 𝑣 = 6.824. However, this is a workable amount. The estimation output

of the GJR-GARCH(1,1,1) model on the log-returns of nickel is displayed in table 2.

13



Table 2: GJR-GARCH(1,1,1) results of nickel

Variable Coefficient Standard error Z-statistic P-value

Omega 0.048 0.013 3.715 0.000

Lambda 0.043 0.007 6.275 0.000

Gamma -0.002 0.008 -0.228 0.820

Beta 0.948 0.007 145.365 0.000

DOF-t-dist 6.824 0.648 10.525 0.000

Log-likelihood -11086.15 BIC 4.286140

5.3 GMMEUMCovS results on conditional volatilities

𝐺 = 9 and 𝑄 = 7 give the optimal combination concerning the BIC value of the number of clusters

𝐺 = 9 (due to comparability with Chen et al. (2021)) and the options for the number of variable groups

𝑄 = 1, ..., 23. The results for the GMMEUCovS algorithm with 𝐺 = 9 and 𝑄 = 7 applied to the

commodity time-series data are shown in the next subsections.

5.3.1 Temporal clustering of trading days

The algorithm determined 9 clusters of trading days. Trading days with similar combinations of volatilities

of the 23 commodities are grouped. The clustered periods are visualized in figure 2. The size of the

clusters is shown in 3 through the number of observations per cluster.

Cluster 2 dominates in the first five years of the 21st century. At the beginning of 2006, cluster 3

arises. This cluster shows, on average more volatility than the years before, which matches with the

upcoming uncertainty in that period. In September 2008, the month when Lehman Brothers (Britannica,

2022) was declared bankrupt, cluster 5 arose. The overall conditional volatility of this cluster is the

largest among all the derived clusters. After the financial crisis of 2008, the markets were still unstable

as shortly before the crisis, and these observations additionally fall in cluster 3. When the effects of the

crisis begin to die out, the market regime is directed to the less volatile one from the beginning of the

first decade of the 21st century. This results in cluster 1, comparable with cluster one except for a few

instances. From 2015 through the beginning of 2020, clusters 1 and 2 are starting to alternate, which

looks like the market is coming closer to its original position at the beginning of the 2000s. After this

relatively stable period, cluster 8 is distinguished. Cluster 8 starts on March 20th, 2020, one day before

the World Health Organization declares the sars-covid-19 pandemic. This cluster shows a substantial

increase in volatility for approximately half of the commodities.
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Figure 2: Clusters of trading days based on conditional volatilities

Clusters 1 and 2 are the most common clusters through the first two decades of the 21st century. The

overall average conditional volatility is comparable between the clusters. However, the volatilities are

distributed to different commodities. Precious metals, silver, platinum, and palladium, base metals, tin,

lead, and nickel, energy-based commodities, WTI, gasoil, gasoline, agricultural-based commodities, soya

oil, corn, and cotton, are less volatile after the crisis (cluster 1) than before (cluster 2). The following

commodities have comparable volatility: gold, copper, aluminum, brent, palm oil, soybeans, coffee, and

cocoa. Zinc, wheat, and lumber have a larger volatility in cluster 1.

The financial crisis of 2008 is captured by cluster 5. This cluster shows larger conditional volatilities

for all the commodities except for palladium relative to clusters in non-crisis periods. Palladium has

almost the lowest conditional variance of all possible clusters in cluster 5. When viewed from the cluster

perspective, as shown in figure 7b, gold and palladium have the lowest conditional volatility. This could

be proof of the hedging properties of precious metals gold and palladium. Furthermore, cotton, nickel,

brent, and cocoa are the most volatile commodities of this period.

Cluster 8 covers the beginning of the covid-19 pandemic. This cluster shows higher overall conditional

volatility relative to other clusters. Cotton, gasoline, lead, nickel, and silver have substantial volatility.

Besides, gold, platinum, aluminum, lumber, and soybeans are as low as in market regimes without crises.

However, the volatilities during this crisis are different from the volatilities of the 2008 crisis.

Two crises are distinguished in the observation period by different clusters. Hence, it implies that

there are differences among the crises. The differences are visualized in figure 7(a). Cluster 8 (covid-19)

shows relative lower volatilities for aluminum, brent, cocoa, coffee, copper, corn, gasoil, gold, lumber,
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Table 3: Total number of observations per cluster

cluster number of observations prior probability

1 1833 0.349

2 1453 0.282

3 1207 0.234

4 194 0.039

5 186 0.036

6 170 0.033

7 73 0.015

8 64 0.012

9 3 0.001

Total 5183 1.000

platinum, soybeans, tin, wheat, and zinc to cluster 5 (2008 crisis). The other commodities show lower

volatilities in cluster 8 relative to cluster 5.

5.3.2 Comparison with k-means

The applied GMMEUCovS algorithm to cluster the trading days in terms of conditional volatility distin-

guished comparable clusters with the k-means solution of Chen et al. (2021). Cluster 2 in this paper is

comparable with cluster 1 in their paper. Cluster 3 in this study is comparable with their cluster 7. These

display the market regime before and after the 2008 crisis. Besides, cluster 1 in this study is comparable

with cluster 3 in their study, the stable period after the crisis. The cluster that captures the covid-19

crisis, cluster 8 in this paper is almost of the same length as cluster 8 of Chen’s publication. Chen et al.

(2021) distinguished cluster 2, the period right before and right after the financial crisis in 2008, from

the other clusters around that period. GMMEUCovS does not capture this cluster. The GMMEUCovS

method has formed three large clusters, where the observations of the k-means method are more equally

distributed over the clusters. The GMMEUCovS method captures broader concepts of market regimes,

which causes more clear groups with more observations. Clusters 1 and 2 capture the broad stable times,

clusters 5 and 8 capture the broad volatile periods, all with clusters including more observations than

the k-means results. The GMMEUCovS gives comparable results in distinguishing market regimes with

the k-means approach. The GMMEUCovS captures broader and more extended periods of low and high

volatile market regimes. The less obvious market regimes are less represented in the GMMEUCovS

results (fewer observations included).
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5.3.3 GMMEUCovS commodity covariance hierarchies for each cluster

The GMMEUCovS algorithm (Cavicchia et al., 2022) has another vital feature: the ability to detect

hierarchical covariance structures within the clusters. In this subsection, the covariance hierarchies are

explained in the following structure. The two ’normal’ clusters, 1 and 2, are evaluated in terms of

variable groups, and the two clusters are compared in terms of similarities among the variable groups of

the clusters. After that, the two ’crisis’ clusters 5 and 8 are evaluated in terms of variable groups, and the

two ’crisis’ clusters are compared in terms of similarities among variable groups of the clusters. Finally,

the four interesting clusters are compared altogether. All the graphs and tables are in the appendix.

The variable covariance hierarchy structure in calm times from 2000 until 2005, where cluster 2 is

the most common, is shown in figure 4 and table 5: Group 2 and 3 are merged first. A broader group

is formed together with group 6, including almost all base metals. Hereafter, in the following order, the

broadest group in the hierarchy is formed when groups 7, 4, 5, and 1 are included. All the groups form

concordant relationships.

During stable times from 2010 through 2019, cluster 1 is the most common. The variable group

hierarchy structure is shown in figure 3 and table 4. Group 3 and 4 are merged, the same as group 1

and 6. Then broader groups are created in the following order, first, groups 3 and 4 with group 7. This

group contains almost all agricultural-based commodities. The broadening of the groups is followed by

group 5 and groups 1 and 6. The broadest group is the group that includes group 2, which has a negative

covariance between the other variable groups, which shows that only the last two groups are discordant,

and the other groups are concordant with each other.

The most specific groups, groups 1 and 6 merged for cluster 1, and groups 2 and 3 merged for cluster

2, have four similar commodities: silver, lead, cotton, and soybeans. When the following broader group is

investigated, group 7 in cluster 1 and group 6 in cluster 2 are added, coffee is also a common commodity

in both groups of the clusters. Besides, zinc, tin, and coffee are combined in one group for both stable

clusters.

Cluster 5 is observed at the time of the financial crisis of 2008. This cluster shows a different EUCovS

than the structure of more stable periods such as clusters 1 and 2 as shown in figure 5 and table 6. Groups

1 and 2 and groups 4 and 7 are merged. Group 6 is broadened by groups 4 and 7. Groups 1 and 2 broaden

the latter. This broad group contains almost all base metals and all agricultural-based commodities except

wheat. This broad group can be aggregated with group 3, with a discordant relationship, so negative

covariance. Finally, group 5 creates the broadest group, with an additional negative covariance, which

shows the discordant relationships between group 5 and the previous group.

During the beginning of the covid-19 crisis in 2020, cluster 8 appeared. This cluster is a cluster with

high overall volatility. Although this is also a crisis, the covariance structure of the variables is different
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as shown in figure 6 and table 7. Clusters 6 and 7 are merged. Together with group 4 and thereafter group

5, they form a broader variable group. Groups 1 and 3 are merged and represent the largest part of the

agricultural-based commodities, energy-based commodities, and base metals. These two groups form a

broader variable group. The two groups have a negative covariance, which shows that the groups have a

discordant relationship. Finally, group 2 can be added with another discordant relationship.

Both two crisis EUCovS show three general discordant groups. They also form a group with many

standard variables. Groups 1, 2, 4, 6, and 7 of cluster 5 have fourteen common commodities together

with groups 1 and 3 of cluster 8: silver, nickel, gasoil, gasoline, soya oil, corn, coffee, cotton, palladium,

platinum, zinc, aluminum, palm oil, lead. The other broad concordant groups are different. Gasoil and

gasoline are included in the same variable groups for volatile periods.

When inspecting the variable groups among the clusters, there are a few interesting results. Cotton

and silver are always in the same variable group. This combination is supplemented by lead in stable

times and supplemented by nickel in volatile times. Brent and lumber are also in the same group in

every market regime, supplemented by copper for stable periods. Besides, gasoline, soya oil, and corn

are always included in the same group, regardless of the market regime.

Next to the variables in each group, there are different relationships between blocks between stable

and non-stable periods. The more stable periods have more concordant groups than the more unstable

periods. Volatile clusters show more discordant relationships between the blocks.

6 Conclusion and Discussion

This study expands the application of the GMMEUCovS algorithm to financial time-series data for the

first time in the literature. This could be the first step for more broad applications of the method on

time-series data. However, is this application meaningful?

First of all, does the model detect interpretable clusters? The model can distinguish more volatile

times, such as the financial crisis of 2008 and the covid-19 crisis, from more stable times. The more stable

periods are captured by clusters 1 and 2. Although their overall conditional volatility is comparable, it is

distributed differently before and after the 2008 crisis. Precious metals excluding gold, base metals tin,

lead, nickel, copper, and aluminum, and all agricultural-based commodities excluding wheat and lumber

are equal or less volatile after the crisis of 2008 (cluster 1) than before (cluster 2). Remarkable is that all

the energy-based volatilities are strictly less volatile after the 2008 crisis than before.

The model distinguishes crisis times from more stable times in cluster 5 (2008 crisis) and cluster

8 (covid-19 pandemic). On average, these clusters have more volatility relative to ’normal’ periods.

However, the two volatile clusters differ from each other in the distribution of volatilities. Cluster 8 is

shorter than cluster 5, implying that the impact of covid-19 is relatively shorter than that of the 2008
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crisis. However, this can be investigated by adding more trading days to the data set after July 2020.

How are the results related to the k-means clustering results from Chen et al. (2021), and are there

differences? Both clustering techniques have comparable performance in distinguishing volatile periods

from less volatile periods. The GMMEUCovS method can detect broader and longer clusters in the first

decades of the 21st century. The other clusters whithout a prominent market regime are smaller than the

k-means clusters.

What is the interpretation of the obtained groups and hierarchical covariance structures of the vari-

ables? Cotton and silver commodities are always in the same variable group for the broad clusters. This

combination is thickened by lead in stable periods and nickel in volatile periods. Brent and lumber form

always a group in broad clusters, supplemented by copper in stable periods. Additionally, regardless of

the market regime, gasoline, soya oil, and corn are always included in the same variable group. Finally,

stable periods have more concordant variable groups, and unstable periods have more discordant groups.

Thus, the GMMEUCovS method distinguishes volatile crisis periods from broader, more stable

ones. The method captures broader concepts better than the k-means application. In addition to other

parsimonious GMM clustering techniques, it can also detect the covariance hierarchy structures of the

variables. Thus, the extended application of the method proposed by Cavicchia et al. (2022) to financial

time-series data is the first step in investigating time-series data with (parsimonious) GMM methods.

For further research, it can be interesting to apply other (parsimonious) GMM methods to the same

dataset. It can be interesting to measure and compare the performance of the individual clustering

techniques, such as k-means and GMM, in terms of Dunn index (Dunn, 1974) or silhouette coefficient

(Rousseeuw, 1987).

To optimize the outcomes of this research, the estimation of the GJR-GARCH(1,1,1) models can

be improved. The log-return equation can be determined for every commodity instead of assuming the

log-return equals the shock.
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7 Appendix

7.1 R code

The code is structured as follow: Main.R includes the main steps of the algorithm. The main function runs

starts the algorithm. This function calls step0, step1, step2, step3, step4, which are also included in in the

main file. All the steps make use equations. Those equations are programmed in the file equations.R. The

equations are named equation_xx, where xx equals the number of the equation in the paper of Cavicchia

et al. (2022). Furthermore, some initializations are programmed in this file, the names of the functions

speak for themselves.

If you would like to run my algorithm, you have to load the dataset first and open file "Main.R", after that,

you can choose G and Q, whereafter you can run the main function in line 13. so only the first 13 lines

are used to start the algorithm.
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7.2 Graphs and tables

Figure 3: Hierarchy of 7 variable groups of cluster 1: path diagram representation

Table 4: Variable groups pinpointed by GMMEUCovS for cluster 1

cluster variable group included variables

1

1 palm_oil

2 palladium

3 zinc, tin, soybeans, coffee, cocoa

4 silver, lead, cotton

5 gold, platinum, copper, brent, gasoil, lumber

6 aluminum

7 nickel, wti, gasoline, soya_oil, wheat, corn
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Figure 4: Hierarchy of 7 variable groups of cluster 2: path diagram representation

Table 5: Variable groups pinpointed by GMMEUCovS for cluster 2

cluster variable group included variables

2

1 gasoline, soya_oil, corn

2 copper, brent, palm_oil, wheat, soybeans, lumber

3 silver, lead, cotton

4 gold

5 platinum, palladium, nickel, cocoa

6 zinc, tin, wti, gasoil, coffee

7 aluminum
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Figure 5: Hierarchy of 7 variable groups of cluster 5: path diagram representation

Table 6: Variable groups pinpointed by GMMEUCovS for cluster 5

cluster variable group included variables

5

1 silver, nickel, gasoil, gasoline, soya_oil, corn, coffee, cocoa, cotton

2 palladium

3 tin, wheat

4 zinc, aluminum, palm_oil, soybeans

5 gold, brent, lumber

6 copper, lead, wti

7 platinum

27



Figure 6: Hierarchy of 7 variable groups of cluster 8: path diagram representation

Table 7: Variable groups pinpointed by GMMEUCovS for cluster 8

cluster variable group included variables

8

1 platinum, palladium, zinc, tin, aluminum, brent, gasoil,

gasoline, soya_oil, wheat, corn, coffee, lumber

2 wti

3 silver, lead, nickel, cotton, palm oil

4 soybeans

5 copper

6 cocoa

7 gold
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(a) scaled rows (b) scaled columns

Figure 7: Heatmaps of average conditional volatility of cluster 5 and 8
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